Abstract. We present the computation modulo p 2 and explicit formulas for the unique isogeny covariant differential modular form of order one and weight χ −p−1,−p called f jet , an isogeny covariant differential modular form of order two and weight χ −p 2 −p,−1,−1 denoted by f jet h jet , and an isogeny covariant differential modular form h jet of order two and weight χ 1−p 2 ,0,−1 .
Introduction
In this paper we introduce explicit formulas modulo p 2 for various differential modular forms discussed by Buium in [3] , [2] , [4] . The central modular form discussed is the unique, up to multiplication by an element in Z * p , isogeny covariant differential modular form of order one and weight χ −p−1,−1 called f jet , f 1 p , and f 1 jet , respectively, in [3] , [2] , [4] . For the rest of this paper we mean "unique up to multiplication by an element in Z * p " when we say "unique", and we will refer to the unique isogeny covariant differential modular form of order one and weight χ −p−1,−1 by f jet . This modular form has many interesting connections detailed in [1] , [3] , [2] , and [4] . We compute f jet in a p-adic fashion following the construction of f jet detailed in [3] which allows us to compute modulo p n or specifically modulo p 2 . Then we use the explicit formula from this computation to provide modulo p 2 formulas for order two differential modular forms. The specific order two isogeny covariant differential modular forms we describe are f jet h jet from [3] also referred to as k [2] . We note that modulo p neither of these order two modular forms contain any second order terms.
The strategy is simple. We know that the isogeny covariant differential modular forms f jet h jet and h jet of order two and weights χ −p 2 −p,−1,−1 and χ 1−p 2 ,0,−1 , respectively, are f jet h jet = φ(f jet ), where φ is the lifting of the Frobenius morphism, and outside the locus, where f jet modulo p is zero h jet = φ(fjet) fjet [4] . We should note that h jet is defined only outside this zero locus of f jet modulo p. In [5] we have the explicit computation of f def (the p-derivation analog of the Kodaira-Spencer class) which is the reduction modulo p of the unique isogeny covariant differential modular form of weight χ −p−1,−1 . By uniqueness, f jet ≡ cf def modulo p for some c ∈ Z * p . Here we compute f jet directly allowing us to give a formula for the unique 906 CHRIS HURLBURT isogeny covariant differential modular form modulo p 2 and not just modulo p. We also then are able to describe the order two terms that occur in f jet h jet and h jet modulo p 2 but not modulo p. For both context and notation we give the relevant definitions of differential modular forms. Let p > 3 be a prime number. 
. In Section 2 we will expand these axioms into a more complete list of properties of p-derivations. For now, if A is a complete discrete valuation ring R, where R has maximal ideal generated by p and an algebraically closed residue field k, and if φ is the unique lifting of the Frobenius morphism to A, then the p-derivation given by δ(
Now we use the R and δ from our example and set
Then the set M (R) is in one-to-one correspondence with the set of pairs consisting of an elliptic curve over R and an invertible 1-form; namely, each (ā 4 ,ā 6 ) ∈ M (R) corresponds to (E, dx/2y), where E is the projective closure of the affine plane curved y 2 = x 3 +ā 4 x +ā 6 . For any f ∈ M 1 , if we substitute a, b, δa, δb in for a 4 , a 6 , δa 4 , δa 6 , then f defines a map (still denoted by f ) from M (R) to R. This element in M 1 is in fact uniquely determined by the map from M (R) to R. Similar statements are true for f ∈ M 2 . We define a δ-character of order ≤ 1 to be a group homomorphism χ : R * → R whence E = U ∪ V . Next we define the first jets of U and V to be the sets
Then E 1 , the first jet space of E, is the gluing of U 1 and V 1 by the maps
.
We can extend the group law on E to a group law on E 1 . The group law arises naturally by construction from the group law on E just as E 1 arises naturally by construction from E. This will be detailed explicitly in Section 3.
From now on we will also use the following notation. First by M i n we mean 
where the c i are the coefficients of the power series expansion of the invariant differ-
, and this resulting class has a representative of the form a n y n + x b n y n + x 2 e n y n . The modular form f jet is the coefficient e −1 of x 2 /y in this representative which is the residue of the cohomology class, namely the image of the cohomology class under the Serre duality pairing.
We will actually work modulo p 2 which means that our end result will be f jet modulo p 2 . In fact f jet ∈ M 1 is a restricted power series whose coefficients expand exponentially in the number of terms in each coefficient of a power of p. Therefore, the formulas necessary to express f jet modulo p n for n > 2 are prohibitive in length. At this point we note that the formal logarithm of the Frobenius twist of the formal group of the elliptic curve modulo p 2 is in fact the identity. This certainly simplifies one step of the computation modulo p 2 ; however, for n > 4 this formal logarithm is no longer trivial modulo p n , meaning this step is not trivial for large n. As a preliminary step to computing f jet we detail some computation guidelines for p-derivations and the group law for E 1 modulo p 2 .
Properties of p-derivations
Recall that a p-derivation is a set theoretic map, δ : A → B, from a ring A to an A-algebra B with δ(1) = 0 such that
In the case when A = B = R, where R is a complete discrete valuation ring with maximal ideal generated by p and has an algebraically closed residue field, there is a unique p-derivation given
where φ is the unique lifting of the Frobenius morphism to R.
This definition implies that if ϕ : A → B is the ring homomorphism associated to B being an A-algebra, then
is a ring homomorphism, where W 2 (B) is the ring of Witt vectors of length two on B.
is a ring homomorphism. In case B = A, this is a lifting of the Frobenius endomorphism F (x) = x p of A/pA. While no further axioms for p-derivations beyond those in the definition are necessary for computation, the following p-derivation rules are very convenient for computation. Before introducing these rules we must define an extension of
thus, this is a very natural definition.
Lemma 2.2. Let δ :
A → B be a p-derivation, let g = q, x, y ∈ A, and let n > 0 be an integer. Then the following are true.
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The group law for the first p-jet space of E
We now want to make the group law on E 1 explicit. This is necessary since the main result requires us to subtract two sections using the group law. The group law on the first p-jet is induced by the group law on the elliptic curve E, so we start by giving the group law on E. Let ρ and ψ be the equations that define the group law on E. So if (z 1 , w 1 ) ⊕ (z 2 , w 2 ) = (z 3 , w 3 ), then
Then the group law on E 1 is an extension of the group law on E such that if
To find appropriate ρ and ψ, we must consider actual formulas for the group law. On the elliptic curve E, the group law can be explicitly formulated using the chord-tangent approach. In this approach we consider that every line intersects the elliptic curve at exactly three points counting multiplicity. We choose a specific point, O, to be the origin; in this case the point we choose to be the origin is the point at infinity, (0, 1, 0). We then define the inverse of a point P to be the third point on the line that intersects P and the origin. We denote this point by −P . So if we want to add P ⊕ Q, we take the line through P and Q and let R be the third point on the line. Then we define P ⊕ Q = −R. This definition arises naturally from the theory of Weil divisors. We refer to the case when P = Q as the tangent case and P = Q as the tangent case. From now on we will focus on the chord case of the chord-tangent approach since that is the most general case and the case used when computing the group law for a p-jet space.
We use the standard procedure for finding explicit formulas for group law in the z and w coordinates. In these coordinates our origin is (0, 0). To start with, we recall data on V ; namely, that f (z, 1, w) = w − z 3 − a 4 zw 2 − a 6 w 3 is the curve we will be using and that any line through P = (z 0 , w 0 ) and the origin of (0, 0) will intersect f (z, 1, w) at the third point (−z 0 , −w 0 ). Whence −P = (−z 0 , −w 0 ). Now consider two points P 1 and P 2 denoted by (z i , w i ) for i = 1, 2, respectively. If we assume that z 1 = z 2 , the line connecting these two points is
To find the sum P 1 ⊕ P 2 , we must find the three points counting multiplicity of the intersection of this line with the curve f (z, 1, w). If we substitute the line into the curve f (z, 1, w) we get a cubic equation in terms of z. Finding these three points becomes a matter of finding the roots of the resulting cubic equation. On the other hand, we already know two of the roots, namely z = z 1 and z = z 2 . The third root
.
So for z 1 = z 2 , the P 3 = P 1 ⊕ P 2 has coordinates
From this information, if we want the formulation of group law on E 1 we must simply take the p-derivation of these equations. The resulting group law for
where
and δα, δβ, δµ are the respective p-derivatives which are not included here because of their lengthy nature. On the other hand, this group law also describes the group law on E 1 m . For example, if m = 1, then we consider this same group law modulo p 2 . This does shorten the expressions of δα, δβ, and δµ for m ≤ 5 to lengths that are possible to work with in computer algebra systems.
Besides shortening the expressions for α, β, and µ one other advantage of explicitly detailing the group law on E 1 1 rather than E 1 is that we may write δz 3 and δw 3 in terms of polynomials in δα, δβ, and δµ by using their series expansions. Hence
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we have the following description for the group law on E 1 1 :
where δα, δβ, and δµ are now expressions modulo p 2 .
4. The section on U that defines a map from U ⊗ M 1 to U 1 and the section on V that defines a map from
We in fact want a specific map from U to U 1 ; namely, the morphism which takes δx and δy to elements such that δf (x, y, 1) is mapped to 0. To do this we use a variant of Hensel's Lemma involving two variables which will be illuminated as we go along. To find the appropriate δx and δy, we first consider the explicit expression of δf (x, y, 1),
and from this polynomial define
. From now on for convenience of notation we will denote f (x, y, 1) simply by f . We will also denote 
By simple arithmetic,
. Now we consider the relationship between f p x , f p y and the coefficients of δx and δy, respectively. First recall that n = n p + pδ(n) for any positive integer n. So we can write the coefficients of δx and δy from equation (4.1) as
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Then combining these with the equation
. With the computations in the previous paragraph we now have enough tools to perform the iteration step in Hensel's Lemma. We assume that
and plug these assumptions into equation (4.1). Then we solve the resulting equation for η and σ, keeping in mind that we are working modulo p 2 . (Note: The procedure is the same working modulo p 3 etc., but in that case one must assume a p 2 term for the δx and δy and then perform the iteration twice.)
Now if we let P
So the morphism that takes x to x, y to y, δx to −P U,0 A p − pP U,1 A p , and δy to −P U,0 B p − pP U,1 B p will map δf to 0. Our corresponding section, s U , is
Next we find the section s V that defines a specific map from V to V 1 such that under this map δf (z, 1, w) is taken to 0. Since the techniques used are identical to those used to find s U , we will omit most of the details. From now on for convenience of notation we will refer to f (z, 1, w) 
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Next let
and let
s U − s V under the group law
We now need the δz coordinate also referred to as ζ in the difference, s U − s V , of these two sections under the group law. We will work with the element (z, w, z , w ) where z = δz and w = δw. Recall from the Introduction that our gluing maps on the intersection
So if we let x = δx and y = δy, then in terms of the coordinates on U 1 , our element is (−x/y, −1/y,
y y p (y p +py ) ), which modulo p 2 is the same as
Then under the map s U , this element is mapped to
Under the map s V the element (z, w, z , w ) is mapped to
The image of the element (z, w, z , w ) under the difference map s U − s V is the difference under the group law on E 1 of the image of (z, w, z , w ) under s U and the image of (z, w, z , w ) under s V . In order to take the difference we must first take the inverse under the group law of the image of (z, w, z , w ) under s V , which is
and then add this to the image of (z, w, z , w ) under s U . Specifically we will let
and apply the explicit formulation of the group law detailed in Section 3. Also since for the purpose of our computation we only need the δz 3 term, this is the only one we will formulate in detail.
We are going to be analyzing The next step in the computation of f def is to apply the formal logarithm of the Frobenius twist of the formal group of the elliptic curve to ζ. This is a triviality as mentioned in the Introduction by the following proposition. 
Proof. Recall (ξ) is the identity.
Residue of the cohomology class
Recall that any cohomology class in
has a representative of the form a n y n + x b n y n + x 2 e n y n . Let us refer to the coefficient e −1 in a sum a n y n + x b n y n + x 2 e n y n as the residue of the sum. The final step in the computation of f jet modulo p 2 is to take the residue of ζ = δz coordinate of s U −s V , which is a cohomogy class as a result of the above proposition.
While the idea behind taking the residue is simple, namely write ζ as a n y n + x b n y n + x 2 e n y n and take the coefficient of x 2 /y in this sum which is e −1 , the practice is computationally unfeasible. Instead we break the process of finding the residue of ζ into parts. The residue map has some useful properties; namely, it is linear and the residue of any function that is regular on U or any function that is regular on V is zero. So we can take the residue of the terms in ζ and then add together the result to get the residue of ζ.
As a preliminary step to the task of analyzing the residue of the terms of ζ = δz, we write the following expressions in both coordinates of U and coordinates of V :
We also note that P U,0 and P U,1 are regular on U , and that P V,0 , P V,1 , and C 
More examples of regular combinations on V , this time taken from
Since the residue of terms that are regular on either U or V is zero, we can exclude these terms from consideration in computing the residue class of ζ. This leads to the following proposition in which for brevity's sake we let 
Proof. This is proved by the very precise removal of almost all regular terms using a computer algebra system.
It is now necessary to compute residues of terms whose residue may be nontrivial. Namely, we provide a formula for the residue of Obviously, because of the convention for binomial coefficients, there will be integers a and b with b odd for which γ a,b is 0. In fact, if . We now introduce a series of propositions that are just expanded formulas for expressions found in Proposition 6.1. Using this series of propositions, we can now explicitly write down the residue of ζ by computing the residue of the formula in Proposition 6.1. First we introduce some more notation. 
